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reflects the Fourier stiffness distribution profile. (A converg-
ence trend is exhibited because the higher-order harmonics
of the solution diminish in magnitude.) The total deflection
obtained by summing the Fourier contributions is plotted along
the plane of symmetry (8 = 0-180°) in Fig. 5. Also shown
are the deflections obtained for axisymmetric shells with
uniform stiffness distributions corresponding to the magnitude
of the stiff and weak sides. As expected, these results bracket
the solution for the variable-rigidity shell.

The same problem was a run with only three and five terms
retained in the stiffness series expansions. Variation in the
third harmonic of deflection (ws) along the meridian is plotted
in Fig. 6 for the cases where K is set equal to 3, 5, and 10.
The higher harmonic coupling effects appear to diminish as
more terms are retained in the solution (i.e., as K increases).
For economic purposes, the number of integration points used
in obtaining the preceding numerical results was N = 26.

The basic character of the solutions is illustrated for the
relatively coarse grid. Additional studies have shown in-
creased accuracy when a finer finite-difference mesh is taken;
this should be considered when the results presented in this
paper are interpreted.
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Finite-Element Postbuckling Analysis of Thin Elastic Plates

D. W. Murray*
University of Alberta, Edmonton, Alberta, Canada

AND
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A finite-element formulation for determining postbuckling response of thin elastic plates is
presented. The method employs an iterative approach to arrive at equilibrium configurations.
For each iterate, increments in displacements are estimated by formulating an approximate
incremental stiffness matrix and solving the linearized incremental equilibrium equations.
The approximate incremental stiffness is determined by combining a geometric stiffness with
the stiffness of the unstressed, but displaced, structure. A method of deriving consistent
geometric stiffness matrices for two-dimensional plate elements is presented and the principal
terms in this matrix are evaluated for a triangular element. Results of the determination of
postbuckling response for some typical plates are given.

Nomenclature LAY " = vector of element nodal displacements, Eq.
(13)
[B] = matrix of influence functions specifying incre- {Ar};{AR} = structure nodal displacement increments and

ments in element strains for increments in ele-
ment nodal displacements

Cini; 101 = linear elastic moduli; plane stress elastic con-
~ stitutive matrix
[D] = matrix of influence functions specifying incre-

ments in element middle surface displace-
ments for increments in element nodal
displacements

E:i;AE;; = Qreen’s strain tensor and its increment

h = plate thickness

,0,k,1 = indices with range of three

K1, Ke,Kg = incremental, geometric, and element stiffnesses,
respectively

Mag,Nag = in-plane stress couples and stress resultants

0 = subsecript indicating original configuration

Qa = shear stress resultants

Received June 17, 1968; revision received March 24, 1969.
* Associate Professor of Civil Engineering.

nodal force increments

Si;; A8 = Kirchhoff’s stress tensor and its increment

So;dS = surface area and differential surface area

T:;AT; = Kirchhoff stress vector and its increment

Vi = corner transformation matrix

T = superscript indicating transpose

AU = initial displacements and displacement incre-
ments referred to local coordinate system,
Fig. 1 -

U,;U; = initial displacements and displacement in-
crements referred to global coordinate
system, Fig. 1

ful,fvl, {w} = vectors of element displacement increments,
Fig. 2, in local coordinate system

{ULIV]{W] = vectors of element displacement increments
in global coordinate system

Z,Y,2 = loeal coordinate system, Fig. 1

X,Y,Z = global coordinate system, Fig. 1

o8 = indices with range of two

) = indicates virtual variation
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{ou):{d0);{dw} = vectors of interpolating functions specifying
increments of element displacements as-
sociated with nodal increments {u}, {v},
{w}, respectively
I,AT = designation of structure configuration and its
increment, Fig. 1
indicates field variable to distinguish from
nodal value
indicates partial differentiation
veetor and matrix symbols

l
I

——
—
s

I. Introduction

ANY recent developments have taken place in the field of
“finite-element’” or “discrete element”’ analysis of large
displacement and stability problems. Mallett and Mareal®
have given a summary of these developments and presented a
systematic formulation for nonlinear problems.

The approach adopted in this work differs from that of
Ref. 1 in that it utilizes a set of moving coordinate systems.
The analysis is based upon the formulation of an approximate
incremental assembled stiffness matrix [K;], which is used to
estimate increments in nodal displacemerits { Ar}, for a given
load increment { AR}, by solving the equation

[Kil{ar} = {AR} )

The solution procedure employed in the analysis has been
described in detail elsewhere.?2 The procedure is iterative as
well as incremental. The concept may be simply stated as
follows. For any deformed configuration the difference be-
tween the sum of the element equilibrating forces and the
applied nodal force, at any node, is treated as an ‘“unbalanced”
nodal force. The unbalanced nodal forces may be reduced to
arbitrarily small quantities by successive corrections to the
configuration. The configuration may therefore be made to
approach the equilibrium configuration to within any ar-
bitrarily chosen limit of a metric on the unbalanced forces.

The advantages of this approach are that the assembled
stiffness matrix need not be exact and that the solution error
may be controlled. Geometric nonlinearities in the equilib-
rium equations are readily incorporated in the assembly pro-
cedure and geometric nonlinearities associated with the
strain-displacement equations are incorporated into a trans-
formation of element deformations.? Material nonlinearities
may be included, but are not dealt with here. The limiting
feature is the ability of the analyst to predict the element
equilibrating forces for any deformed configuration.

Although most of the formulation of this paper is inde-
pendent of the element employed, examples were solved using
a triangular element with 15 degrees of freedom. Membrane
displacement functions are those associated with the eon-
stant strain triangle® and bending displacement functions are
those associated with the Hsieh-Clough-Tocher triangle.*

II. Formulation of Incremental
Equilibrium Equations

Incremental equilibrium equations will be derived for the
restricted class of large deflection problems where engineering
strains remain small, with respect to one, but displacement
gradients are otherwise unrestricted. Under these conditions
the product of an increment in Green’s strain tensor® (AE;;)
and Kirchhoff’s stress tensor® (Si;) represents work. Since
these tensors are referred to the original configuration of the
structure, integration may be carried out over this original
configuration. Coordinate systems are rectangular Cartesian
coordinate systems and the principle of virtual displacements
is used throughout.

Referring to Fig. 1, let I" represent the deformed equilibrium
configuration of the structure under the loads R (the “initial”
configuration), and ' + AT represent the deformed equilib-
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rium configuration under the loads B 4 AR (the “incre-
mented” configuration). Let U; be the displacements in con-
figuration T' and U; 4+ U; the displacements in configuration
I' + AT with respect to the global coordinate system X,.
The quantities U; therefore represent displacement incre-
ments due to AT

For configuration I' the stresses and strains are

28;; = ﬁi‘j + Uj,g‘ + 0k,i[7k'j (2)
and
Si; = Cijulin 3)

The present analysis deals with elastic response and therefore

Cij are regarded as constant. More sophisticated constitu-

tive relationships may be used without changing the approach.
For configuration I' + AT, the stresses and strains are

2E:; + AEy) = (U + U); + (U; + Up.i +
U+ U (Ue + Unyy b
and
Sii + ASi; = Coyn(Bw + AELR) 5)

Subtraction of Eq. (2) from Eq. (4) yields the explicit ex-
pression for AEy;,

ABy; = HUii + Uis + UniUns + UniUss +
Us:iUri}  (6)

To develop the incremental equilibrium equation we follow
the procedure of Biot® and take the difference between the
equilibrium equations for positions I' + AT and I.

Applying the principle of virtual displacements in position
T + AT, and regarding the displacement increments U; as the
variables, yields

[, s+ ASSAE)rrardVe = [ (T + ATOVdS,
@)

where V), is the original volume, T'; and AT; are the specified
Kirchhoff stress vector, and its increment, acting on the sur-
face of the structure, and AE;; is given by Eq. (6). The
equilibrium equation in configuration I' may be obtained by
letting AT;, ASy;, and U, approach zero. The result is

fVo S,‘ja(AEﬁ)rdVo = fSo Tz6U¢dSO (8)

Subtracting Eq. (8) from Eq. (7) yields the incremental
equilibrium equation for position I' -+ AT,

1
5 f ., S (U U )Vo + f - ASGH(AB)TardVs =
fs AT:dUdS, (9)

The first term in Eq. (9) represents the work of the “initial”
stress state on the virtual variations of increments in dis-
placement gradients and is of the same order of magnitude as
the second term. It gives rise to the so-called “geometric
stiffness.” The second term in Eq. (9) represents the work of
the increments in the stress state on the virtual variations of
increments in strain. The strain increment, however, con-
tains terms dependent on the displacement gradients present
in the “initial” configuration as indicated in Eq. (6). The
term on the right-hand side represents the work done by in-
crements in generalized external loading, AR, on virtual
variations of displacement increments.

Although it is possible to deal with Eq. (9) directly, it is
more conveniently evaluated by subdividing the structure
into subregions (elements) and summing the values, after
integration in each subregion. For this purpose a different
local coordinate system may be used in each subregion.
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Referring to Fig. 1, let %; be the displacements in con-
figuration I" and @; -+ u; be the displacements in configuration
T’ + AT, with respect to a local coordinate system x;. The
displacements @: and displacement increments u; are refer-
enced to the original shape of the element, oriented with re-
spect to coordinates x;, which are determined by configuration
I'. If engineering strains remain small, a valid description of
the state of stress and strain in the element is obtained by re-
writing Eqs. (2-6) with @; and u; replacing U; and U;. Since
the work equations [(7) and (8)] remain valid regardless of the
coordinate system used to express the variables in the inte-
grands, Eq. (9) may be rewritten as

1
T3 f | il e )dVo + 3 f . ASGB(AES)r 4.ardVo =

) fSO AT:8UdS, (10)

providing all displacement quantities are subjected to com-
patible arbitrary variations.
The strain increment expression in Eq. (10) is now

AE; = % {ui,j + Wit Uk Uk F Tk cUe; uk,iﬁzk,j} (11)

However, an important distinction now exists between Eq.
(11) and Eq. (6). For small engineering strains, the product
terms in Eq. (11) may be reduced to higher-order quantities
by selecting a sufficiently fine subdivision of the structure.
This, in general, is not true for Eq. (6).

In utilizing the finite-element approach and Eq. (10), the
coordinate system z; is considered to be a fixed local coordi-
nate system for each element that is determined by the current
geometric configuration I'.  The integrals are evaluated over
each element and summed. This is accomplished by formu-
lating element stiffnesses with respect to the local coordinate
systems, transforming to the global coordinate system, ac-
cording to the current configuration, and assembling by the
direct stiffness procedure.

For each element, the first term of Eq. (10) gives rise to
what will be called the ‘“‘element geometric stiffness” matrix.
(Similar matrices have been designated as “geometric stiff-
ness” matrices by Argyris,” “initial stress” matrices by Mar-
tin,% and “stability matrices” by Hartz.¥) The second term of
Eq. (10) gives rise to the “‘element stiffness” of an unstressed
element in the deformed configuration. Since out-of-plane
displacement gradients may be made arbitrarily small by
reducing the size of the mesh, the product terms in Eq. (11)
may be dropped in accordance with small deflection plate
theory. The stiffness matrix arising from this term therefore
yields uncoupled stiffness matrices identical to those associ-~
ated with the membrane and bending behavior of the element.

' ORIGINAL”
CONFIGURATIONZ

*INITIALY CONFIGURATION, T

*INCREMENTED’ N
CONFIGUATION, I » AT —

z
=

~

GLOBAL CO-ORDINATES Xi
‘INITIAL’ GLOBAL DISPLACEMENTS U;
GLOBAL DISPLACEMENT INCREMENTS U

LOCAL CO-ORDINATES

Xi
YINITIAL LOCAL DiSPLACEMENTS o;
LOCAL DISPLACEMENT INCREMENTS u

Fig.1 Coordinate and displacement nomenclature.
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{u)T = vy vg v3) [v}T =

(v v2 vay
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Fig. 2 Nodal displacements and nodal vectors.

III. A General Development of the
Element Geometric Stiffness Matrix
for Plate Elements

The displacementi field for any plate element may be ex-
pressed, in the local coordinate system, in terms of nodal-dis-
placements, by utilizing a set of shape functions and the
Kirchhoff assumptions. This results in the equationt

u {our o —2{Pud T (u]
v = {g.d7 —zlu,j7 [K{v}p (2
i {du}T {w}

= [Dl{rz} (13)

where u, 9, and @ are displacements in the coordinate direc-
tions z, ¥, and 2z; {¢u}, {#»}, and {¢u} are vectors of inter-
polating functions associated with the nodal displacement
vectors {u}, {v}, and {w}, respectively; and [D] and {rz}
are defined by identification with the corresponding terms of
Eq. (12). Generalized coordinates have been dispensed with
since they are unnecessary if the development follows the pro-
cedures of Felippa.®®

For the triangular element utilized in this analysis the
nodal vectors are shown in Fig. 2. Corresponding interpola-
tion functions may be found in Refs. 10 or 13.

The element geometric stiffness matrix arises from the ex-
pression

1 = L.
§fvo 856, itix, ;) AV (14)

which appears in Eq. (10). This expression may now be put

in matrix form as
§ ]dVo =
.

g.@zg,

% f . Sﬁa[@ 5 ). z

8{re}” [fVo [D,i]TSij[D,j]dVo:l{rE} (15)

[N

The integral in expression (15) represents the sum of nine
separate matrix products, one associated with each stress
component, which is a symmetric matrix because of the sym-
metry of S;; and the summation. Taking the variation with
respect to the nodal displacements therefore yields

Kol = [, (D17841D,1ave (16)

where [K¢] is the geometric stiffness matrix. Substituting for

1 In the following the term displacement is to be understood to
refer to displacement increment. The word increment is omitted
for the sake of brevity.

t Field variables, except for interpolating functions, will be
designated by a tilde (™) to distinguish them from nodal values.
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el i

where ¥y = Ngop li;[{“’w,x u}{ow,xD}T + {mw,y“}{m"‘/)’ ﬁ}T]

[D], from Eq. (12), integrating through the thickness, and
using the normal assumptions of plate theory with respect to
distribution of stresses, yields the definitive form of [Kg],
shown in Fig. 3, in terms of stress couples and stress re-
sultants. The stress resultants and stress couples are il-
lustrated in Fig. 4, and defined by the relationship

L W2 A
Nag Qu) = [}, Bas S (7)

and
112[,,5 = f_h:iz — zS’aﬁ dz (18)

where % is the thickness of the plate and Greek indices have a
range of two. The matrix in Fig. 3 is “complete’” in the sense
that it indicates the effect of membrane forces on bending
stiffness and the effect of stress couples on membrane stiffness.

For small displacement increments the only term in the
geometric stiffness matrix whose elements are of the same
order of magnitude as the elements of the element stiffness
matrix is the term in the lower right-hand corner. The ef-
fective element geometric stiffness may therefore be evaluated
by approximating [K¢] as

k=[] ... o
f “’[ .y {bua} Vas] ¢w,ﬂ}T}

This geometric stiffness corresponds to the terms normally in-
cluded in the plate formulation for the influence of membrane
forces on bending stiffness.’? Equation (19) yields terms as-
sociated with a “consistent” geometric stiffness in the same
sense as consistent mass matrices.’? The evaluation of this
matrix has been carried out for the Hsieh-Clough-Tocher tri-
angular element following the methods of Felippa®® and has
been incorporated into the solution procedure. Details of
this evaluation may be found in Ref. 13.

dd (19

IV. Element Stiffness, Assembly,
and Solution Procedure

The element stiffness matrix in the local coordinate system
is determined by evaluating the second term of Eq. (10) in

X

/4 Mxx
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o ay ax

Fig. 4 Stress couples and resultants.
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dA
Fig. 3 Complete geometric
stifflmess matrix for two-dimen-
sional elements.

terms of nodal displacements. The strain increments in a
two-dimensional element may be evaluated by utilizing Eq.
(12). The result is

) o
A pd
° ox
~ ob
€ = -
v ay
- o . Ob
Y=y =~ + =
oy Ox
{#u,c}7 —2{pu2e} 7] [{u}
= {¢v,y}T _Z{¢wmy}T {U} (20
{00} {bo.2}7 ~22{u, 24} 7] | {w}
= [Bl{rs} (21)
P
BOT
I vt
S
’
L’A —— TIMOSHENKO (14]
o Tt
f ® FINITE ELEMENT - LOAD INCREMENTS
! A FINITE ELEMENT - DiSPLACEMENT
: INCREMENTS
| o=
! 2"
| .
w T PLAN
Faoq h=0"
3 | 7 1
Q q
z | j JA
a ] 1 ELEVATION P
3 i |
- 3 :«-* 10—
I
20]
1.0 20 30 4.0 50 6.0 A
LATERAL TIP DEFLECTION IN INCHES
Fig. 5 Postbuckling load deflection of cantilevered plate.
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where &, &, and 7., are increments in engineering strains and
[B] is defined by identification with the corresponding term of
Eq. (20). Product terms in the strain inerement-displacement
increment relationships have been dropped for the reasons pre-
viously stated.

Evaluation of the element stiffness matrix is carried out by
performing the integration in the equation®

Ks] = [, (BITC1BIAVs (22)

where [B] is defined by Eqs. (20) and (21) and [C] is the two-
dimensional constitutive relationship.

For elastic behavior and the small deflection relationship of
Eq. (20), this matrix is composed of the uncoupled membrane
and bending stiffness matrices, designated as [Kp] and [Kz],
respectively;

s = [ 5 (23)

For the element displacement patterns of this analysis [K»] is
derived in Ref. 3, and [K5] in Ref. 4.

The incremental element stiffness, for element &, may now
be written in the global coordinate system as

KL = [TLo[KA[T) (24)

I

where
[Kilk = [Kele + [Kzl (25)

and [T is the displacement transformation matrix arising in
the infinitesimal displacement transformation

{u} {U}
tofr = [TL { {V} (26)
{w})e {Wi)e

This transformation couples the membrane and bending be-

havior. The incremental equilibrium equation for the entire
structure may then be written in the form of Eq. (1), where

—=-=  LEVY SOLUTION [iS]

FINITE ELEMENT - FORCE
——
BOUNDARY CONDITION

- =A== FINITE ELEMENT - DISPLACEMENT
BOUNDARY CONDITION oo

Center

IN PLANE FORCE ON HALF OF PLATE IN KIPS

6
8" [
4 J
f,af A
2 PLAN
2h 3h 4h 5n
! | | 1 |
o 02 03 04 05

CENTER DEFLECTION IN INCHES

Fig. 6 Postbuckling load deflection of square plate.

POSTBUCKLING ANALYSIS OF THIN ELASTIC PLATES 1919

Pk

AXIAL FORCE IN KIPS

208

0.2 04 06 08 1.0 12 Py
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Fig. 7 Postbuckling load deflection of a flange plate.

[K;] is the incremental stiffness matrix obtained by direct
stiffness assembly procedures.

For a given increment in load, Eq. (1) is solved for incre-
ments of nodal displacements {Ar}. Nodal displacements
are then incremented, element equilibrating forces are evalu-
ated, and the difference between the sum of the equilibrating
forces and the applied loads is considered as the load inere-
ment vector for the next iterate. A new stiffness matrix is
evaluated for the current state of stress and geometry and
the solution is repeated until the unbalanced nodal forces are
arbitrarily small. Details of this procedure are given in Ref. 2.

V. Results

The analysis was programed for a CDC 6400 computer
and applied to a variety of thin elastic plate problems.in an

_______ SMALL DEFLECTION THEORY
BUCKLING LOAD = 6212 #*

IN-PLANE LOAD IN KIPS

|
b 4 —
|
h 2h 3n 4h 3h
1 1 !
.0l 02 .04 .06 .08 i 12 14
LATERAL DEFLECTION IN INCHES

Fig. 8 Postbuckling load deflection of simply supported
plate with aspect ratio 1.75,
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5

Fig. 9 Centerline profile of simply supported rectangular
plate with aspect ratio 1.75.

attempt to predict postbuckling behavior. Where possible,
results are compared to published results in the literature.
Further details are available in Ref. 13.

Figure 5 compares the tip deflection for the ‘“elastica’
problem with the theoretical solution.!* This problem was
solved without the use of [K¢] in Ref. 2. Figure 6 compares
the centre deflection of a simply supported square plate with
the results of Levy.® The force boundary condition and dis-
placement boundary condition effectively bracket Levy’s
intermediate boundary condition.

To illustrate the versatility of the method, Fig. 7 shows the
deflection of a point on the free edge of a simulated flange
plate, with fixed, free, and simply supported edges. Figures 8
and 9 show the deflection of a point on the centerline of a
rectangular simply supported plate (aspect ratio of 1.75) and
the centerline configuration at various load levels, respec-
tively.

In producing these results a single small constant concen-
trated load, normal to the original plane of the plate, was
maintained on the structure throughout the analysis. The
postbuckling behavior then arose naturally by incrementing
displacement boundary conditions in the plane of the plate.

VI. Summary and Conclusions

A method of analysis has been presented for application to
problems involving postbuckling behavior of elastic plates.
The method is based on assembling an approximate incre-
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mental stiffness matrix for the structure which is used to pre-
dict increments in nodal displacements. The solution pro-
cedure is iterative and based on an equilibrium balance be-
tween reactive structure forces and applied loads. The limit-
ing feature of the analysis is the ability to predict equilibrat-
ing element forces for a given element configuration. It may
be concluded, from the results presented, that the method
may form the basis of a reasonable approach for investigat-
ing problems in the postbuckling range.
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